Abstract. The intersection of all two-sided ideals of an ordered semigroup, if it is non-empty, is called the kernel of the ordered semigroup. A left ideal L of an ordered semigroup (S, ·, ≤) having a kernel I is said to be simple if I is properly contained in L and for any left ideal L ′ of (S, ·, ≤),
Introduction
The intersection of all two-sided ideals of a semigroup, if it is non-empty, is called the kernel [5] of the semigroup.
Let S be a semigroup having a kernel I. A left ideal L of S is said to be simple if I ⊂ L, (The symbol ⊂ stands for proper inclusion of sets.) and for any left ideal
The notions of simple right and twosided ideals are defined similarly. These concepts were introduced and studied by Schwarz [6] . Indeed, the author characterized when a semigroup having a kernel is the class sum of its simple left, right or two-sided ideals. Further, the structure of simple two-sided ideals of some semigroups was investigated.
The purpose of this paper is to extend Schwarz's results to ordered semigroups. Section 2 recalls some certain definitions and results used throughout this paper. In Section 3, we introduce the concepts of simple left, right and twosided ideals of an ordered semigroup having a kernel. Necessary and sufficient conditions for an ordered semigroup having a kernel to be the class sum of its simple left, right or two-sided ideals are given (Theorems 3.9-3.11). Further, we obtain important corollaries using annihilators of an ordered semigroup. Sections 4-5 investigate the structure of simple two-sided ideals of an ordered semigroup having a kernel.
Preliminaries
A semigroup (S, ·) together with a partial order ≤ that is compatible with the semigroup operation, meaning that, for any x, y, z in S, x ≤ y implies zx ≤ zy and xz ≤ yz, is called a partially ordered semigroup (or simply an ordered semigroup) [1] . For any a, b in S, the symbol a ≤ b means a ≤ b is false.
Let (S, ·, ≤) be an ordered semigroup. If A and B are non-empty subsets of S, then we write
For an element a in S, we write ({a} ∪ A] as (a ∪ A]. It is routine matters to verify that the following hold:
The concepts of left, right and two-sided ideals of an ordered semigroup are defined by Kehayopulu [2] .
Definition. Let (S, ·, ≤) be an ordered semigroup. A non-empty subset A of S is called a left (respectively, right) ideal of an ordered semigroup (S, ·, ≤) if it satisfies:
(ii) for any x in A and y in S, if y ≤ x, then y ∈ A, or equivalently, A = (A].
If A is both a left and a right ideal of S, then A is called a two-sided ideal (or an ideal) of S.
Let (S, ·, ≤) be an ordered semigroup. It is easy to see that the following hold:
(1) If A is a left ideal of S and B a right ideal of S, then (AB] is a two-sided ideal of S. (2) If A and B are left (respectively, right, two-sided) ideals of S, then A∪B and A ∩ B (if it is non-empty) are left (respectively, right, two-sided) ideals of S. (3) If A is a non-empty subset of S, then the principal left (respectively, right, two-sided) ideal of S generated by A is
is a left (respectively, right, two-sided) ideal of S.
Definition. 
The right ideals of S are {a, b, c, d} and S.
The left ideals of S are {a}, {a, c}, {a, d}, {a, c, d}, {a, b, c, d}, {a, c, d, e} and S.
Then the two-sided ideals of S are {a, b, c, d} and S; hence the kernel of S is {a, b, c, d}. We now investigate some properties of simple left ideals of an ordered semigroup having a kernel.
Proof. Assume that L is a simple left ideal of S. Then I ⊆ (LI] ⊆ I since (LI] is a two-sided ideal of S; hence (LI] = I. We have
Thus (IL] = I.
Proof. If L 1 and L 2 are simple left ideals of S, then
The following is a consequence of Theorem 3.4:
Definition. Let (S, ·, ≤) be an ordered semigroup having a kernel I. A twosided ideal A of S is said to be a simple two-sided ideal of S if A satisfies the following conditions:
Theorem 3.6. Let (S, ·, ≤) be an ordered semigroup having a kernel I. If A 1 and A 2 are two different simple two-sided ideals of S, then
Proof. As in the proof of Theorem 3.2, we have
and thus
This is a consequence of Theorem 3.6:
An ordered semigroup (S, ·, ≤) having a kernel is said to be the class sum of its simple left ideals if S = α∈Λ A α for some an indexed family {A α : α ∈ Λ} of simple left ideals of S. S is the class sum of its simple right ideals or of its simple two-sided ideals are defined similarly.
Theorem 3.8. Let (S, ·, ≤) be an ordered semigroup having a proper kernel I. If S is the class sum of its simple left (respectively, right, two-sided) ideals, then this decomposition is uniquely determined.
Proof. Assume that S is the class sum of its simple two-sided ideals:
where A α and B β are simple two-sided ideals of S. We show that, for each
Similarly, for any α ∈ Λ, there exists β ∈ Λ ′ such that B β = A α . The other two cases are proved similarly. Proof. Assume that S is the class sum of its simple left ideals. To show that the condition holds, let a, b be elements of S \ I such that b ≤ a and a ≤ xb for some x in S. By assumption, there exist simple left ideals L a containing a and L b containing b.
This is a contradiction. Thus x ′ ∈ S \ I. Conversely, assume that the condition holds. To show that S is the class sum of its simple left ideals, we show that every element a in S \ I is an element of a simple left ideal of S. Let a be an element of S \I. We prove that I ∪(a∪Sa] is a simple left ideal of S, and then the proof is completed. Clearly, I ⊂ I ∪ (a ∪ Sa] and I ∪ (a ∪ Sa] is a left ideal containing a. Let L be a left ideal of S such that I ⊂ L ⊂ I ∪ (a ∪ Sa], so that there exists b in L \ I and
Since a ≤ b and b ≤ xa for some x in S, it follows by assumption that there exists
, and hence L = I ∪(a∪Sa]. This is a contradiction.
The following theorem is proved dually: Theorem 3.10. Let (S, ·, ≤) be an ordered semigroup having a proper kernel I. Then S is the class sum of its simple right ideals if and only if the following condition holds: if a, b are in S \ I such that b ≤ a and a ≤ by for some y in S, then b ≤ ay ′ for some y ′ in S \ I.
An ordered semigroup (S, ·, ≤) is said to be the direct sum of two-sided ideals of S if S is the class sum of its simple two-sided ideals. It is clear that if an ordered semigroup (S, ·, ≤) having a kernel I is the direct sum of two-sided ideals A α (α ∈ Λ) of S, then (A α A β ] = I for all α = β. Theorem 3.11. Let (S, ·, ≤) be an ordered semigroup having a kernel I. Then S is the direct sum of two-sided ideals of S if and only if the following condition holds: if a, b are in S \ I such that b ≤ a and a ≤ bx 1 for some x 1 in S or a ≤ x 2 b for some x 2 in S or a ≤ x 3 bx 4 for some x 3 ,x 4 in S, then b ≤ ax
Proof. Assume that S is the direct sum of two-sided ideals of S, i.e., S is the class sum of simple two-sided ideals of S. To show that the condition holds, let a, b be elements of S \ I such that b ≤ a and a can be written in at least one of the forms a ≤ bx 1 for some x 1 in S or a ≤ x 2 b for some x 2 in S or a ≤ x 3 bx 4 for some x 3 , x 4 in S. By assumption, there is a simple two-sided ideal M a containing a.
Since b ≤ a, so b can be written in at least one of the forms b ≤ ax
Conversely, assume that the condition holds. We have to show that S is the class sum of simple two-sided ideals of S, i.e., for every element a in S \ I, there exists a simple two-sided ideal M a containing a. Let a be an element of S \ I. We set M a = (a ∪ Sa ∪ aS ∪ SaS]. Suppose that there exists a two-sided ideal M of S such that I ⊂ M ⊂ M a , so that there exist b in M \ I and a simple two-sided ideal Definition. Let (S, ·, ≤) be an ordered semigroup having a kernel I. The right annihilator of S, denoted by I r , is defined to be the set of all elements a in S such that (Sa] ⊆ I. Dually, the left annihilator of S, denoted by I l , is the set of all elements a in S such that (aS] ⊆ I. (2) We prove that I l is an ideal of S. For I r is an ideal of S is proved similarly. Let a be an element of I l and x an element of S. We have
and hence x is in I l . Thus I l is an ideal of S. Corollary 3.13. Let (S, ·, ≤) be an ordered semigroup having a kernel I. If S is the class sum of its simple left ideals, then every element a in S \ I r there exists e in S \ I l such that a ≤ ea.
Proof. Assume that S is the class sum of its simple left ideals. Let a be an element of S \I r ; then a ∈ L a for some simple left ideal L a of S. Since a ∈ S \I r , we have a ∈ S \I, and so
Since a ∈ S \ I r , we obtain (Sa] = I, and so
. Thus a ≤ ae for some e in S. If e ∈ I l , then a ≤ ae ∈ I. This is a contradiction. Hence e ∈ S \ I l .
The following corollary is proved dually:
Corollary 3.14. Let (S, ·, ≤) be an ordered semigroup with a kernel I. If S is the class sum of its simple right ideals, then every a in S \ I l there exists f in S \ I r such that a ≤ af .
Definition. Let (S, ·, ≤) be an ordered semigroup having a kernel I. The set of all a in S such that (SaS] = I will be denoted by I 0 .
Theorem 3.15. The following hold for an ordered semigroup (S, ·, ≤) having a kernel I.
(1) I 0 is an ideal of S; Corollary 3.16. Let (S, ·, ≤) be an ordered semigroup having a kernel I. If S is the direct sum of two-sided ideals of S, then every a in S \ I 0 there exist e in S \ I l and f in S \ I r such that a ≤ eaf .
Proof. Assume that S is the direct sum of two-sided ideals of S. Let a be an element of S \ I 0 . Then a ∈ S \ I and there exists a simple two-sided ideal M a containing a. We have M a = I∪(a∪Sa∪Sa∪SaS] since I ⊂ (a∪Sa∪aS∪SaS] ⊆ M a . We now consider a two-sided ideal (SaS] of S. Since a ∈ S \ I 0 , we obtain (SaS] = I, and so
Hence a ≤ eaf for some e, f in S. If e ∈ I l or f ∈ I r , then eaf ∈ I, and hence a ∈ I. This is a contradiction. We have
This says ((L ∪ Definition. The union of all I-potent two-sided ideals of an ordered semigroup (S, ·, ≤) having a kernel I is called the radical of S.
Theorem 5.3. Let (S, ·, ≤) be an ordered semigroup having a kernel I and without a proper radical. Then every simple left ideal of S is contained in a simple two-sided ideal of S.
Proof. Let L be a simple left ideal of S. We have L ∪ (LS] is a two-sided ideal of S containing L. We prove that L ∪ (LS] is simple. Let M be a two-sided ideal of S such that
This is a contradiction.
This is impossible. The proof is completed.
